Abstract. In this survey paper, we first review the history of Bernoulli numbers, then examine the modern definition of Bernoulli numbers and the appearance of Bernoulli numbers in expansion of functions. We revisit some properties of Bernoulli numbers and the history of the computation of big Bernoulli numbers.
Introduction
Two thousand years ago, Greek mathematician Pythagoras first noted about triangle numbers which is 1 + 2 + 3 + · · · + n. Archimedes found out (1) 1 2 + 2 2 + 3 2 + · · · + n 2 = 1 6 n(n + 1)(2n + 1).
Later in the fifth century, Indian mathematician Aryabhata proposed Studies the more generalized formula for n−1 k=1 k r for any natural number r was only carried out in the last few centuries. Among them,the investigation of Bernoulli numbers is much significant.
In this paper, we present an elementary examination of the development of Bernoulli numbers and a concise review of its appearance in expansions of various functions . We also aim to explore its properties and its applications in other fields of mathematics [1] .
Bernoulli Numbers
Swiss mathematician Jakob Bernoulli (1654-1705)once claimed that instead of laboring for hours to get a sum of powers, he only used several minutes to calculate sum of powers such as 1 10 + 2 10 + 3 10 + · · · + 1000 10 = 91, 409, 924, 241, 424, 243, 424, 241, 924, 242, 500. Obviously, he had used a summation formula, knowing the first 10 Bernoulli numbers [2] .
It was already known to Jakob Bernoulli that
More generally, the n−1 k=1 k r can be written in the form of
where the B k numbers which are independent of r and called Bernoulli's numbers. The first few Bernoulli numbers B n are B 0 = 1
B 2 = 1 6
B 6 = 1 42 for all positive integer n. More numbers are given in [3] .
Expansion of Usual Functions
An equivalent definition of the Bernoulli's numbers is obtained from the series expansion of the identity
This leads to
It can be rewritten as
If substitute x with 2ix, then it gives
. Thus the following expansions are obtained,
Now it's also possible to find the expansion for tanh(x) and tan(x). As we observe that
we can have
and then, Another intriguing fact is that zeta function ζ(2k) for any natural number k can also be expressed in Bernoulli numbers [4] (19)
However, there is no similar expression known for ζ(2k + 1). Rearrange the equation, we get
This expression gives rise to an approximation of Bernoulli numbers. When k becomes large,
while with Stirling's formula
√ 4πk, so we have
Properties of Bernoulli Numbers
The Bernoulli numbers are given by the double sum
r k r r n where k r is a binomial coefficient. They also satisfy the following interesting summations [5, 6] The famous Clausen-von Staudt's theorem regarding Bernoulli numbers' fractional part was published by Karl von Staudt (1798-1867) and Thomas Clausen (1801-1885) independently in 1840. It allows to compute easily the fractional part of Bernoulli's numbers and thus also permits to compute the denominator of those numbers. It says, the value B 2k , added to the sum of the inverse of prime numbers p such that (p − 1) divides 2k, is an integer [7] . In other words,
For example, k = 8,
One of the easy consequences of the Staudt's theorem is that for every prime numbers k of the form 3n + 1
This is because that p − 1 divides 2k = 2(3n + 1) only if p − 1 is one of 1, 2, 3n + 1, 6n + 2, that is p is one of 2, 3, 3n + 2, 6n + 3. But 6n + 3 is divisible by 3 and 3n + 2 is divisible by 2 because 3n+1 is prime so the only primes 
Staudt's theorem is very useful and significant in the sense that it permits to compute exactly a Bernoulli's number as soon as there is a sufficiently good approximation of it.
Besides its applications in series expansions, Bernoulli numbers are also widely used in differential topology, mathematical analysis, and number theory. Interestingly, it is also related to the famous Fermat's last theorem.
Fermat's Last Theorem states
has no non-zero integer solutions for n > 2. Ever since Fermat expressed this result around 1630, generations of mathematicians have dived enthusiastically into the pursuit of a vigorous proof .
A breakthrough was made in 1850 by Ernst Kummer (1810-1893) when he proved Fermat's theorem for n=p, whenever p is a regular prime. Kummer gave the beautiful regularity criterion:
p is a regular prime if and only if p does not divide the numerator of B 2 , B 4 , ..., B p−3 .
He showed that all primes before 37 where regular, hence Fermat's theorem was proved for those primes. 37 is the first non regular prime because it divides the numerator of 
Computation of Bernoulli Numbers
Bernoulli himself calculated the numbers up to B 10 . Later, Euler worked up to B 30 . One century later, Adams made the computa of all Bernoulli's numbers up to B 124 [9] . In 1996, Simon Plouffe and Greg J. Fee computed B 200,000 , and this huge number has about 800,000 digits. In July 10th 2002, they improved the record to B 750,000 which has 3,391,993 digits by a 21 hours computation on their personal computer [10] . The method is based on the relation between zeta function and Bernoulli numbers, which allow a direct computation of the target number without the need of calculating the previous numbers.
